We study the existence of periodic orbit for a differential system describing the effects of indirect predation over two preys. Besides discussing a generalized version of the model, we present some remarks and numerical experiments for the nonautonomous version of the two models.
Introduction
The role of indirect effects in biology has been extensively studied in the last decades (see [1] [2] [3] [4] [5] [6] [7] ); for example, in the case of predation (see [8] ), the predator can alter the morphology (see [9] ) or the behavior of the preys. The preys, in order to reduce the possibility of contacts with the predators, could modify their normal conduct by reducing their activity or by hiding themselves for long time. There are many types of indirect effects (see [3] for a detailed discussion). Another interesting case is the refuge indirect effect (see [10] for an example); anyway it is of great interest trying to describe the indirect interactions in population dynamics. In [11] a model was proposed including indirect effects, modeling the effects of predator Daphnia over two groups of Phytoplankton of different morphology (see [12, 13] ), having Phosphorous as resource (see [13] or [7] ). The system takes the following form 
where , , , , , ∈ R are positive parameters and where ( , , , ) ⊂ R In the previous system represents the density of population of a predator (Daphnia or Zooplankton) that predates the preys (Phytoplankton) and that are of different size, in particular being of a smaller size than . The variable represents the amount of resources (Phosphorous) for the preys and . The system admits a constant of motion ( ) = + + + , and then we can reduce the degree of freedom of the problem by fixing a value of the first integral, ( ) = 0 . The system can be rewritten in the following way:
The dynamics of system (2) have been studied in [14] by using Persistence Theory (see [15, 16] ) and in particular an acyclicity approach. It has been shown that in absence (i.e., = 0) of the terms that describe indirect effects, the system (2) does not admits coexistence of the three populations, while for > 0 and for an appropriate choice of the parameters, the system admits coexistence. The paper [14] suggests the importance of indirect effects in describing cases of coexistence with the 2 Abstract and Applied Analysis parameter being a bifurcation parameter for coexistence.
In particular under the hypotheses
the system is uniformly persistent. Under the previous hypotheses the system admits an attractor A that lies at positive distance from R 3 + and inside the set
In particular the boundary fixed point
and the segment of fixed point
are all instable and their stable and central manifolds are all on 3 + . Under the hypotheses (3)-(4) the set Δ always contains an interior fixed point = ( , , ) as follows:
whose stability character has not been investigated in [14] . The matrix ( ) of the linearized system at is
where = + + and = + + and = . By numerical experiments (see [14] ) it was pointed out that the attractor A should take the following forms:
(1) the interior fixed point ; (2) a periodic orbit; (3) a bidimensional (possibly chaotic) set.
In this work we are concerned with the proof of existence of periodic orbits (see [17, 18] for examples in the classical case), and we will use Hopf bifurcation theory in order to prove existence of periodic orbits. Since the system depends on 7 parameters, the conditions to have Hopf bifurcation are quite complicated and for sake of simplicity we also present a particular case in which all the parameters are fixed but 0 . In general cases we can use the following remark to facilitate our analysis. 
then at least one eigenvalue has negative real part and as a consequence fold-Hopf bifurcation is not possible.
The rest of the paper is organized as follows. In Section 2 we present general condition to have Hopf bifurcation, while in Section 3 we give an example fixing all the parameters except for 0 . In Section 4 we consider a nonautonomous version of the model and present several numerical experiments in order to study the structure of the attractor. In the last case we discuss a generalized version of the model, both autonomous and nonautonomous, and present some numerical experiments.
Condition for Hopf Bifurcation
We consider the characteristic polynomial of the matrix ( ) as follows:
where
A necessary condition for Hopf bifurcation is that each of the previous coefficients has to be positive. It easy to verify that , , > 0 if
and the last inequality follows from hypothesis (3). From Hurwitz-Routh criterion we need to study the sign of the term
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The sign of the previous term depends only on the factor ; in details we have
where = ( + 1) ,
From the hypothesis (3) we already have 0 > ; then if
we have that − > 0 for any 0 > , and this implies that the real parts of the eigenvalues are all negative and so the fixed point is asymptotically stable. Moreover, all the persistence solutions converge to the fixed point .
On the contrary if
we have that − > 0 for any 0 ∈ (1, * 0 ). In this case the eigenvalues have all negative real parts and the fixed point is asymptotically stable. If 0 > * 0 , then − becomes negative and the fixed point loses stability. Moreover a periodic orbit appears thanks to Hopf bifurcation theorem (with * 0 as the bifurcation value). Recalling that all the boundary fixed points are instable and repulsive (see [14] ), we can conclude that the attractor consists of the periodic orbit generated by Hopf bifurcation. Since the system is uniformly persistent under hypotheses (3)- (4), we expect that the periodic orbit is persistent. We summarize as follows. Thanks to Hopf bifurcation theorem, a periodic orbit appears. In order to illustrate this result, in the next section we will consider an example of existence of limit cycle.
An Example of Existence of a Limit Cycle
In this section we present an example of the results of Section 2. We prove the existence of a limit cycle by considering 0 as a bifurcation parameter and fixing the values of the others parameters.
We set
We will choose 0 in order to satisfy hypothesis (3) while hypothesis (4) is already satisfied as
The fixed point has the following coordinates:
and it then exists for 0 > 1 which is verified by hypothesis (3). The Jacobian matrix at point is the following:
)
) .
The characteristic polynomial of the matrix ( ) takes the form
and where the three inequalities follow from hypothesis (3). We use Hurwitz-Routh criterion to study the sign of the real parts of the eigenvalues. In particular we are interested in the sign of the term
which is positive for 0 ∈ (1, 37/2) and negative for 0 > 37/2. Then Hopf bifurcation occurs at
and this gives the existence of a family of periodic orbits.
In particular if 0 satisfies hypothesis (3) and 0 < 0 , we have three eigenvalues with negative real part and then the fixed point is stable and A = (see Figure 1 ). In the case in which 0 > 0 we have one eigenvalue with negative real part and two eigenvalues with positive real part. In this case the attractor is a periodic orbit (see Figure 2 ). For 0 = 0 the eigenvalues are
The period of the limit cycle is = 2 / , where = 7 √ 3/2 as represented in Figure 3 . We derive the equation of the central manifold in order to investigate the character of the bifurcation. We rewrite the systems with parameters as in (19) as follows:
We consider the following change of coordinates:
and we rewrite the system
in matrix form
where the matrix ( ) is calculated at 0 = 0 . Let V 1 , V 2 , V 3 be the eigenvectors of ( ). Consider the following transformations:
and the change of variable
where is the matrix with vectors V 1 , V 2 , V 3 as columns. Then the system becomes
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We consider a 2-dimensional center manifold of the type
Using the first equation of the system, we geṫ 
while using (37) and the equations of the systems, we geṫ Abstract and Applied Analysis 
The system restricted on the central manifold takes the form 
and this confirm that the Hopf bifurcation is supercritical.
The Nonautonomous Case
Since indirect effects can be of seasonal type (see [14] ), it is interesting to study the case in which the constant is replaced by the time-dependent term:
We consider values of the parameters for which a periodic orbit exists and make the substitution (44) in the indirect effects terms of the system
We consider some numerical experiments which show that not only the periodic orbit persists but also sort of period bifurcation phenomena occur.
For simplicity we fix all the parameters but 0 as follows: In Figure 4 we represent the solution for 0 = 7, 14, 28 while in Figure 5 for 0 = 35, 82, 177. We note that as 0 increases, the period of the solution increases, and in Figure 6 we represent the solutions , , as function of time for 0 = 177 showing different frequencies of oscillations. It would be interesting to analyze this phenomenon in details together with the possibility to have chaotic motion. In Figure 7 we compare the period and oscillations of the function ( ) for 0 = 7, 35, 177.
A Generalized Model
In this section we consider a slighter modification of the model, both in the autonomous and nonautonomous cases. If we sum the second and the third equations of the system, we geṫ parameter , that is, 1 and 2 , respectively, in the second and the third equations of the system
The dynamical behavior of the system (48) is very similar to the case 1 = 2 (see [14] for details). In particular it has the same boundary fixed points with the same stability character. Then we can state the following without giving the details of computation. 0 > { , } ,
We note that the previous conditions do not depend on the parameter 2 . The differences between the two models 
where 1 = + + 1 . In particular, as for the original system, if the hypotheses of the previous theorem are satisfied, the interior fixed point always exists.
The parameter 2 plays a role only in the stability of the point̃and as a consequence in the structure of the attractor. By the same method of Section 2 it is possible to derive a condition similar to (18) for Hopf bifurcation. 
We note that inequality (51) depends on 1 and 2 .
From the previous discussion we remark that the behavior of the system (48) is qualitative, the same of that of the system (2).
Numerical simulations suggest that the nonautonomous version of system (48) presents peculiar features. We put 1 | sin | and 2 | sin |, respectively, in the second and third equations of the system. If 1 > 2 , the numerical experiments showed a behavior of the system similar to that described in the previous section (i.e., the case 1 = 2 ). If 
then, since the last term is nonnegative, we expect a more complicated behavior of the solutions.
